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Exercise 3

Evaluate (∇ · v), ∇v, and [∇ · vv] for the four fields in Exercise 2.

Solution

∇ · v is the divergence of the vector field v, and it is computed by

∇ · v =

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δjvj

 =

3∑
i=1

3∑
j=1

(δi · δj)
∂vj
∂xi

=

3∑
i=1

3∑
j=1

δij
∂vj
∂xi

=

3∑
i=1

∂vi
∂xi

=
∂v1
∂x1

+
∂v2
∂x2

+
∂v3
∂x3

.

∇v is the gradient of the vector field v, and it is computed by

∇v =

(
3∑

i=1

δi
∂

∂xi

) 3∑
j=1

δjvj

 =

3∑
i=1

3∑
j=1

δiδj
∂vj
∂xi

=

3∑
i=1

(
δiδ1

∂v1
∂xi

+ δiδ2
∂v2
∂xi

+ δiδ3
∂v3
∂xi

)

= δ1δ1
∂v1
∂x1

+ δ1δ2
∂v2
∂x1

+ δ1δ3
∂v3
∂x1

+ δ2δ1
∂v1
∂x2

+ δ2δ2
∂v2
∂x2

+ δ2δ3
∂v3
∂x2

+ δ3δ1
∂v1
∂x3

+ δ3δ2
∂v2
∂x3

+ δ3δ3
∂v3
∂x3

.

∇ · vv is the divergence of the dyadic product vv, and it is computed by

∇ · vv =

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δjvj

( 3∑
k=1

δkvk

)
=

3∑
i=1

3∑
j=1

3∑
k=1

(δi · δj)δk
∂

∂xi
(vjvk)

=

3∑
i=1

3∑
j=1

3∑
k=1

δijδk
∂

∂xi
(vjvk) =

3∑
j=1

3∑
k=1

δk
∂

∂xj
(vjvk)

=
3∑

k=1

[
δk

∂

∂x1
(v1vk) + δk

∂

∂x2
(v2vk) + δk

∂

∂x3
(v3vk)

]

=

3∑
k=1

δk

[
∂

∂x1
(v1vk) +

∂

∂x2
(v2vk) +

∂

∂x3
(v3vk)

]
= δ1

[
∂

∂x1
(v1v1) +

∂

∂x2
(v2v1) +

∂

∂x3
(v3v1)

]
+ δ2

[
∂

∂x1
(v1v2) +

∂

∂x2
(v2v2) +

∂

∂x3
(v3v2)

]
+ δ3

[
∂

∂x1
(v1v3) +

∂

∂x2
(v2v3) +

∂

∂x3
(v3v3)

]
.
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Part (a)

The first vector field has components vx = by, vy = 0, and vz = 0. Using the formulas, we have

∇ · v =
∂

∂x
(by) +

∂

∂y
(0) +

∂

∂z
(0) = 0

∇v = δxδx
∂

∂x
(by) + δxδy

∂

∂x
(0) + δxδz

∂

∂x
(0) + δyδx

∂

∂y
(by) + δyδy

∂

∂y
(0) + δyδz

∂

∂y
(0)

+ δzδx
∂

∂z
(by) + δzδy

∂

∂z
(0) + δzδz

∂

∂z
(0)

= bδyδx

∇ · vv = δx

[
∂

∂x
(b2y2) +

∂

∂y
(0) +

∂

∂z
(0)

]
+ δy

[
∂

∂x
(0) +

∂

∂y
(0) +

∂

∂z
(0)

]
+ δz

[
∂

∂x
(0) +

∂

∂y
(0) +

∂

∂z
(0)

]
= 0.

Part (b)

The second vector field has components vx = bx, vy = 0, and vz = 0. Using the formulas, we have

∇ · v =
∂

∂x
(bx) +

∂

∂y
(0) +

∂

∂z
(0) = b

∇v = δxδx
∂

∂x
(bx) + δxδy

∂

∂x
(0) + δxδz

∂

∂x
(0) + δyδx

∂

∂y
(bx) + δyδy

∂

∂y
(0) + δyδz

∂

∂y
(0)

+ δzδx
∂

∂z
(bx) + δzδy

∂

∂z
(0) + δzδz

∂

∂z
(0)

= bδxδx

∇ · vv = δx

[
∂

∂x
(b2x2) +

∂

∂y
(0) +

∂

∂z
(0)

]
+ δy

[
∂

∂x
(0) +

∂

∂y
(0) +

∂

∂z
(0)

]
+ δz

[
∂

∂x
(0) +

∂

∂y
(0) +

∂

∂z
(0)

]
= 2b2xδx.
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Part (c)

The third vector field has components vx = by, vy = bx, and vz = 0. Using the formulas, we have

∇ · v =
∂

∂x
(by) +

∂

∂y
(bx) +

∂

∂z
(0) = 0

∇v = δxδx
∂

∂x
(by) + δxδy

∂

∂x
(bx) + δxδz

∂

∂x
(0) + δyδx

∂

∂y
(by) + δyδy

∂

∂y
(bx) + δyδz

∂

∂y
(0)

+ δzδx
∂

∂z
(by) + δzδy

∂

∂z
(bx) + δzδz

∂

∂z
(0)

= bδxδy + bδyδx

∇ · vv = δx

[
∂

∂x
(b2y2) +

∂

∂y
(b2xy) +

∂

∂z
(0)

]
+ δy

[
∂

∂x
(b2xy) +

∂

∂y
(b2x2) +

∂

∂z
(0)

]
+ δz

[
∂

∂x
(0) +

∂

∂y
(0) +

∂

∂z
(0)

]
= b2xδx + b2yδy.

Part (d)

The fourth vector field has components vx = −by, vy = bx, and vz = 0. Using the formulas, we
have

∇ · v =
∂

∂x
(−by) + ∂

∂y
(bx) +

∂

∂z
(0) = 0

∇v = δxδx
∂

∂x
(−by) + δxδy

∂

∂x
(bx) + δxδz

∂

∂x
(0) + δyδx

∂

∂y
(−by) + δyδy

∂

∂y
(bx) + δyδz

∂

∂y
(0)

+ δzδx
∂

∂z
(−by) + δzδy

∂

∂z
(bx) + δzδz

∂

∂z
(0)

= bδxδy − bδyδx

∇ · vv = δx

[
∂

∂x
(b2y2) +

∂

∂y
(−b2xy) + ∂

∂z
(0)

]
+ δy

[
∂

∂x
(−b2xy) + ∂

∂y
(b2x2) +

∂

∂z
(0)

]
+ δz

[
∂

∂x
(0) +

∂

∂y
(0) +

∂

∂z
(0)

]
= −b2xδx − b2yδy.
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